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Abstract
The fragmentation of deuterons into pions emitted forward in the kinematic region forbidden
for free nucleon-nucleon collisions is analyzed. The inclusive relativistic invariant spectrum of
pions and the tensor analyzing power T20 are investigated within the framework of an impulse
approximation using dierent kinds of the deuteron wave function. The influence of P -wave
inclusion in the deuteron wave function is studied, too. The invariant spectrum is shown to be
more sensitive to the amplitude of the NN ! piX process than the tensor analyzing power T20.
Our results are compared with the experimental data and other calculations performed within
both the non-relativistic and relativistic approaches.
Key-words: cumulative processes, polarization observables, deuteron fragmentation, Bethe-Salpeter
amplitude, deuteron wave function, small components, non-nucleon components, quark degrees of
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1 INTRODUCTION
One of the main sources of information about the deuteron structure at small distances are the reac-
tions of hadrons production by proton-deuteron and deuteron-deuteron collisions in the kinematic re-
gion forbidden for the free nucleon-nucleon interaction [1, 2], the so-called cumulative processes. This
kinematic region corresponds to the values of the light-cone variable x = 2(E 0 + p0)=(ED + pD)  1,
where E0; ED and p0; pD are the energies and momenta of the nal hadron and deuteron, respec-
tively. The nucleon momentum distributions in the deuteron, extracted from the reaction Dp ! pX
at forward proton emission and eD-inelastic scattering [3] actually coincide with each other (see,
for example, [4]). So, one can conclude that hadron and lepton probes result in the same infor-
mation about the deuteron structure. The so-called Paris [5] and Reid [6] deuteron wave functions
(DWF) reproduce rather well the experimental data on the Dp ! pX reaction for internal momenta
k =
√
m2=(4x(1− x))−m2 up to 0:25 GeV/c within the framework of an impulse approximation
(IA) [4]). The inclusion of corrections to IA related to secondary interactions allows one to describe
the experimental data on the deuteron fragmentation Dp ! pX at k > 0:25 GeV/c [7].
The investigation of polarization phenomena by deuteron fragmentation at middle and high en-
ergies in the kinematic region forbidden for hadrons emission by free N −N scattering has recently
become very topical. Cumulative proton production in the collision of polarized deuterons with the
target results in information about the deuteron spin structure at small inter-nuclear distances. This
can be seen from the experimental and theoretical study of deuteron fragmentation into protons at
a zero angle [8, 9, 7]. The theoretical analysis of this reaction has shown that the tensor analyzing
power T20 and polarization transfer coecient  are more sensitive to the used deuteron wave func-
tion (DWF), particular to the reaction mechanism, than the inclusive spectrum [7]. At the present
time, not one DWF relativistic form can describe T20 at x  1:7 measured by Dp ! pX stripping.
On the other hand, the inclusion of the reaction mechanism: namely the impulse approximation and
the secondary interaction of produced hadrons can describe both the inclusive spectrum and T20 at
x  1:7 using only the nucleon degrees of freedom [7]. One of the causes, to explain this phenomenon
can be the fact that the deuteron structure at a high (> 0:20 GeV/c) internal momentum (short
1
inter nuclear distances < 1 fm) is determined by non nucleon degrees of freedom. The inclusion
of non-nucleon degrees of freedom, (it can be either the six-quark state or the composition of ,
NN?, NN and other states in the deuteron) allowed one to describe the experimental data on the
inclusive proton spectrum at x  1:7 [7]. A number of papers were dedicated to a theoretical analysis
of the deuteron stripping to protons, see for example Refs. in [2, 7]. However, to date there has been
no unied theoretical description of T20 on the whole kinematic region of protons emitted forward
by the Dp ! pX striping.
If we try to study the manifestation of non-nucleon degrees of freedom, it is natural to investigate
the cumulative production of dierent hadrons having dierent quark contents. Interesting experi-
mental data on T20 in the reaction Dp ! X where the pion is emitted forward have been published
recently [10]. They show very small, approximately constant, value of the tensor analyzing power T20
for the deuteron fragmentation of into pions Dp ! X at x  1. The mechanism of this reaction is
mainly an impulse approximation as the secondary interaction or the nal state interaction (FSI) is
very small and can be neglected [11]. Quite large yield of high momentum pions produced by p−D
and p−A collisions in the kinematical region forbidden for free N −N scattering was explained by
both few-nucleon correlation models [2] and [12] or a multi-quark bags one [13, 14]. However, the
polarization phenomena in deuteron fragmentation into pions were outside of these models.
In this paper, we present a relativistic invariant analysis of the deuteron tensor analyzing power
T20 and unpolarized pion spectrum in the backward inclusive p + D ! (1800) + X reaction (in
deuteron rest frame). The main goal is to describe this reaction in a consistent relativistic approach
using the nucleon model of the deuteron. A fully covariant expression for all quantities is obtained
within the Bethe-Salpeter (BS) formalism. This way results in general conclusions of the process
amplitude which can not be seen in the non-relativistic approach. On the other hand, the non-
relativistic limit will be recovered, and some links to non-relativistic corrections can be found. This
analysis of the deuteron models can be very important to search for nuclear quark phenomena.
2 RELATIVISTIC IMPULSE APPROXIMATION











The amplitude of this process T pD can be written in the following relativistic invariant form:













u(p) (p) (Γ(D; q)C)γ M(D) : (1)
where ( UY ΓNN ) is the truncated NN ! Y vertex; ; ; γ and  are the Dirac indices (with summa-
tion over twofold indices);  is a Lorentz index; C = iγ2γ0 is a charge conjugation Dirac matrix and
M is the deuteron spin projection. Here, the deuteron vertex (Γ(D; q)C) satises the BS equation
and depends on the relative momentum q = (n− p0)=2 and total momentum D = n+ p0 of deuteron,
2
M(D) is the four vector of the deuteron polarization. It satises the following equations:
M(D)D = 0 ; 
M(D)M ′(D) = −MM ′∑
M
(M(D))
 M(D) = −g + DD
M2
; (2)
Squaring this amplitude, one can write the relativistic invariant inclusive pion spectrum of the















where (p1; p2)  (p1p2)2 − m21m22 = (s12; m21; m22)=4 is the flux factor; p; n are the four-momenta
of the proton-target and intra-deuteron nucleon, respectively; pN  "  d=d3p is the relativistic
invariant inclusive spectrum of pions produced by interacting the intra-deuteron nucleon with the
proton-target. In the general case, this spectrum can be written as a three-variable function pN =
(xf ; ?; sNN). Feynman’s variable, xf , is dened as xf = 2jj=
p
sNN , where  is the pion momentum
in the center of mass of two interacting nucleons and sNN = (p + N)
2.




































with (W) = i"γD
γ=M ; sD the spin vector and pD the alignment tensor of the deuteron.















= −f0(n2)g + f1(n2)qq
m2
: (5)
Proving Eq.(5), we introduce the modied vertex, Ψ(D; q):
Ψ(D; q) =
Γ(D; q)




























































(’2 + 2’3 + ’4)’4 : (7)
The corresponding invariant scalar functions ’i(n
2) of the deuteron vertex with one on-shell nucleon
can be computed in any reference frame. Let us note that in our case, when one particle is an on-
mass shell, only four partial amplitudes contribute to the process, namely in the  spin classication,
u =3 S++1 ; w =3 D++1 ; vs =1 P−+1 and vt =3 P−+1 . We can write ’i in the deuteron rest frame in
3
order to relate them to the non relativistic S , D and P waves of the deuteron. In this case, the
invariant functions take the following forms:








N’2 = − m
(Eq + m)



























jqj(2Eq −M)vs ; (8)
where all the vertex functions are determined in the deuteron rest frame and all the kinematic
variables in Eqs.(8) have to be evaluated in this system; Eq =
√
jqj2 + m2. The normalization factor
N−1 = 
√








The relativistic invariant functions f0;1(jqj) (7) can be rewritten in terms of these spin-orbit momen-




















































Then, all the observables can be computed in terms of positive- and negative-energy wave functions
u; w and vs; vt, respectively. The contribution of the positive-energy waves u; w to the observables
results in the non-relativistic limit. The parts containing the negative-energy waves vs; vt have a pure
relativistic origin, and consequently they manifest genuine relativistic correction eects.
Using an explicit form of the density matrix (4), one can write
   = (u) + (v) sD + (t)12p12D : (12)
The superscripts (u; v; t) denote unpolarized, vector polarized and tensor polarized cases, respectively:





































1Note, the Gross denition [16] of DV Ψ˜µ(q) is related to the BS vertex Ψµ(q) (6) as the follows:
Ψ˜µ(q) = Ψµ(−q) . (9)
Comparing it with Eqs.(46) of Ref. [16], one can see that the Gross wave functions u˜(q), w˜(q) and v˜s(q), v˜t(q) are
connected with our wave functions (8) as
u˜(q0, jqj) = u(−q0, jqj) ; w˜(q0, jqj) = w(−q0, jqj) ;
v˜s(q0, jqj) = −vs(−q0, jqj) ; v˜t(p0, jpj) = −vt(−q0, jpj) , (10)
where q0 = M/2− Eq .
4
Let us consider now the case when the deuteron has a tensor polarization. If the initial deuteron is
only aligned due to the pzzD component, then the inclusive spectrum of the reaction D + p !  + X
(3) can be written in the form:
pD (p
zz
D ) = 

pD [1 +Azz  pzzD ] ; (14)

























































































It is intuitively clear that the nucleons in the deuteron are mainly in the states with angular
momenta L = 0; 2 (see also a numerical analysis of the solutions of the BS equation in terms of
amplitudes within the -spin basis [17]), the probability of states with L = 1 (vs;t) in Eqs.(17,18)
is much smaller than the probability for the u; w congurations. Moreover, it can be shown that
the u and w waves directly correspond to the non-relativistic S and D ones. Therefore, Eqs.(17,18)
with only u; w waves can be identied as main contributions to the corresponding observables, and
they can be compared with their non-relativistic analogies. The other terms possessing contributions
from P-waves are proportional to q=m (the diagonal terms in vs;t are negligible). Due to their pure
relativistic origin, one can refer to them as relativistic corrections.
Let us consider a minimal relativization scheme which describes rather well the dierential cross
section for such a process as deuteron break-up A(D; p)X. The minimal relativization procedure
[18, 2] comprises the following (i) replacing the argument of the non-relativistic wave functions by













where x = (Eq + jqjCos#q)=M = ("0 − p0jj)=M ; jk?j = p0? in the deuteron rest frame, and (ii)
multiplying the wave functions by the factor  1=(1−x). It results in a shift of the argument towards
larger values, and the wave function itself decreases more rapidly. This eect of suppressing the wave
function is compensated by the kinematic factor 1=(1− x).
In the BS approach the relativistic eects are of a dynamic nature [19] and not reduced to a
simple shift in arguments. In addition to S and D waves, it contains negative energy components,
i.e., P waves. One can see that they play a more important role in the polarization case and lead to
an improvement of description of the data.
5
3 RESULTS AND DISCUSSION
Below, the calculated results of the inclusive relativistic invariant pion spectrum and the tensor
analyzing power in the fragmentation process Dp ! X are presented and compared with the
available experimental data [1, 10]. These experimental data are presented as a functions of the
so-called cumulative scaling variable xC (\cumulative number") [20]. For our reaction, this variable
is dened as follows:
xC = 2
(p)− 2=2
(Dp)−Mm − (D) = 2
t−m2
(t−m2) + (M + m)2 − sX  2 : (20)
In the rest frame of the deuteron D = (M; 0), it can be rewritten in the form:
xC = 2
EE − ppCos# − 2=2





where  = (E − Cos#)=M is a light-cone variable. The value of xC corresponds to a minimum
mass (in nucleon mass units) of part of the projectile nucleus (deuteron) involved in the reaction.
The value of xC larger than 1 corresponds to the a cumulative pion.
Deuteron (polarized and unpolarized) fragmentation into proton D+A ! p(0o)+X is one of the
more intensively studied reaction with hadronic probe. The reason of this study is, rst, a big cross
section and, second, rather a simple relation of the inclusive spectrum and polarization observables
to the S- and D-waves of the DWF obtained within IA. For example, the tensor analyzing power T20
within IA can be written in the following simple form:




2 u w + w2
u2 + w2
(22)
This relation does not depend on the amplitude of elementary reaction pn ! pX which is taken in
IA as an o-mass shell. As shown in [7], both the dierential cross section and T20 for fragmentation
D + p ! p(0o) + X can be described within the IA at k  0:2 GeV/c only. At larger momenta k,
secondary interactions, in particular the triangle graphs with a virtual pion, have to be taken into
account in order to describe these observables least satisfactorily.
However, as shown in [21] for the pion production D+p ! (0o)+X at the cumulative over region
the rescattering mechanism is kinematically suppressed. Therefore, one can use the IA only by the
theoretical calculus of the dierential cross section and tensor analyzing power T20 for this reaction.
The calculated results of the invariant spectrum of pions produced via by the D + p ! (0o) + X
reaction are presented in Fig. (1-2). The vertex NN ! Y is taken as an on-mass shell and
corresponding dierential cross section proposed in [22] was used.
A large sensitivity of the inclusive spectrum to this vertex and a small one to the type of the
nonrelativistic DWF can be seen from Fig. 1. The Fig. 2 shows that the inclusion of the P-waves
contribution to the DWF within the Bethe-Salpeter or Gross approaches results in a better (but not
satisfactory) description of the experimental data over the cumulative region. From Fig. 3 one can
see the eects of calculation using the minimal relativization scheme [2].
The calculated results of T20 for the reaction of polarized deuteron fragmentation into cumulative
pions are shown in Fig. (4-6). From these gures one can see a small sensitivity of T20 to the vertex
corresponding to the NN ! Y process. It is also seen that T20 is more sensitive to the DWF form
than the invariant spectrum. The experimental data on T20 are not described by any DWF used in
this paper. Note that there may be an alternative approach to study the deuteron structure at small
distances which assumes a possible existence of non-nucleon or quark degrees of freedom [7, 23, 24]
in the deuteron and nucleus. For example, according to [2], large momenta of nucleons can due to
few nucleon correlations in the nucleus. Then the deuteron structure can be described by assuming
the quark degrees of freedom [13, 14]. On the other hand, the shape of a high momentum tail of the
6
nucleon distribution in the deuteron can be constructed from the basis of its true Regge asymptotic
[12], and the corresponding parameters can be found from a good description of the inclusive proton
spectrum in deuteron fragmentation Dp ! pX [12, 7]. According to [12, 7], one can write the















where the parameter 6q is the probability for a non-nucleon component in the deuteron which is a




 Γ(A + B + 2)
Γ(A + 1)Γ(B + 1)
 xA(1− x)B  e−bk⊥ : (24)
Fig. 7. presents the invariant pion spectrum calculated within the relativistic impulse approx-
imation including the non-nucleon component in the DWF [12, 7]; its probability 6q is 0:2 - 0:4
(dot-dashed and dashed curves, respectively). One can see a good description of the experimental
data [1] at all xC .
4 SUMMARY AND OUTLOOK
The main goal of this paper is to study the reaction of deuteron fragmentation into pions within the
framework of the nucleon model of deuteron. Main results can be summarized as follows.
1. It is quite incorrect to use the nonrelativistic deuteron wave function for the analysis of D−N
fragmentation into hadrons, in particular pions. Relativistic eects are sizable, especially in the
kinematic region corresponding to short intra-deuteron distances or large x. It is seen from the
behavior of the inclusive pion spectrum and particularly the tensor analyzing power T20 at large x.
2. At the present time, the state of theory is such, that the unique procedure to include relativistic
eects in the deuteron has not been found yet. An extreme sensitivity to dierent methods of the
relativization deuteron wave function is found for T20 at x  1.
3. A large sensitivity of the inclusive spectrum of pions to the vertex of the NN ! X process
can be seen from Fig. 1. In contrast to this the small sensitivity of T20 to this vertex is found, as
seen from Fig. 4. This polarization observable is very sensitive to the DWF form (Fig. (4-6)).
4. Very interesting experimental data on T20 showing approximately zero values at xC  1 are
not reproduced by a theoretical calculus using even dierent kinds of the relativistic DWF. This may
indicate a possible existence of non-nucleon degrees of freedom or basically new mechanism of pion
production in the kinematic region forbidden for free N −N scattering.
5. For the deuterons fragmentation into protons emitted forward, the tensor analyzing power T20
is not described by the standard nuclear physics using the nucleon degrees of freedom at xC  1:7
[7]. On the contrary, T20 for the fragmentation Dp ! X can not be described within the same
assumptions over all region xC  1. Note that experimental and theoretical study of polarization
observables of deuteron fragmentation into hadrons containing of dierent quarks is powerful tool
for understanding the deuteron structure at small distances.
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FIGURE CAPTIONS
FIG. 1. : The invariant spectrum of the backward pions in the deuteron fragmentation reaction
calculated in the relativistic impulse approximation using various types of the nonrelativistic DWF.
The calculated results are compared with the experimental data from [1] for a the projectile proton
momentum of Pp = 9 GeV/c. The thin dashed curve corresponds to the calculus by neglecting the
dependence of the elementary vertex NN ! Y on the relativistic invariant variables.
FIG. 2. : The invariant spectrum calculated using two forms of the relativistic DWF’s,
[25] and [16]. The experimental data are taken from [1]. The thin solid line corresponds to the
DWF [25] , where the total probability of small components: Pv =
∫1
0 p
2dp  [v2t + v2s ] ’ 0:2 %.
The long-dashed, dashed and thick solid lines represent the calculations with the Gross DWF using
the mixing parameter  = 0:0; 0:4 and 1:0, respectively [26]. This corresponds probabilities Pv =
0:03 %; 0:44 % and 1:46 % to be obtained of the small component. The dot-dashed line corresponds
to the nonrelativistic Paris DWF.
FIG. 3. : The invariant pion spectrum calculated using the nonrelativistic DWF’s obtained by
the minimal relativization scheme (MRS) [2, 18]. The solid, dashed and long-dashed lines correspond
to various DWF forms: Paris, RSC and Bonn. The experimental data are taken from [1].
FIG. 4. : The tensor analyzing power T20 of deuterons. The calculated results are compared
with the experimental data from [10] at a projectile proton momentum Pp = 4:46 GeV/c. The thin
dashed curve corresponds to the calculus by neglecting the internal structure of the elementary vertex
NN ! Y . The solid, long-dashed, dashed and dot-dashed lines correspond to the calculus using
various types of the nonrelativistic DWF: Paris, RSC and two Bonn types { relativistic Bonn DWF
and full Bonn DWF, respectively.
FIG. 5. : T20 calculated using two forms of the relativistic DWF’s, [25] and [16]. Notation as
in Fig. 2. The experimental data are taken from [10].
FIG. 6. : T20 calculated with the nonrelativistic DWF’s using the minimal relativization
scheme (MRS) [2, 18]. The solid, thick dashed, thin dashed and long-dashed lines correspond to the
various DWF forms: Paris, the RSC and two Bonn DWF’s { full and relativistic. The experimental
data are taken from [10].
FIG. 7. : The invariant pion spectrum calculated within the relativistic impulse approximation
with including of the non-nucleon component in the DWF [12, 7]; its probability 6q is 0:2 - 0:4 (dot-
dashed and dashed curves, respectively). One can a the good description of the experimental data
[1] for all xC .
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